In this paper, several useful inequalities for uncertain variables are proved. A BorelCantelli lemma for uncertain measures is obtained and some convergence theorems for continuous uncertain measures are derived. Finally, these theorems are applied to compute the uncertainty distribution of Liu integral. We prove that the uncertain integral of a deterministic function with respect to a Liu process has a normal uncertainty distribution.
Introduction
Most human decisions are made in the presence of an uncertain environment. The performance of a specific uncertainty can be represented by a particular type of mathematical measure. Randomness is a very important model and a probability measure is a normalized additive measure; rigorous mathematical foundations of probability theory were given by Kolmogorov in 1933. Fuzziness is another model for uncertainty which was initiated by Zadeh 24 in 1965 via membership functions. Many results and applications were obtained using various set-functions such as possibility measure 25 and credibility measure 10 . In many real cases, fuzziness and randomness simultaneously appear in one system. In order to describe such a mixture, fuzzy random variables were introduced by Kwakernaak 7, 8 , and then further developed by Puri and Ralescu 20 , Kruse and Meyer 6 according to different requirements of measurability, respectively.
It is undeniable that probability theory and fuzzy set theory are useful tools to deal with uncertainty. However, in real life, natural language statements like "about 100km", "approximately 39 0 C", "roughly 80kg", "low speed", "middle age", and "big size" are typically used to express imprecise information or knowledge. However, many surveys have shown that such statements are neither random nor fuzzy. These facts provide a motivation to establish uncertainty theory 11 as a branch of axiomatic mathematics for modelling human uncertainty. The core concept in uncertainty theory is the uncertain measure which is a set function satisfying normality, duality, subadditivity and product axioms. Some mathematical properties of uncertain measure were studied by Liu 16 12 built an uncertain stock model and derived European option price formulas. Uncertain finance has also been studied by other researchers 19 . Since sequence convergence plays an important role in uncertainty theory, big efforts have been put into studying convergence properties. Liu 11 first proved several fundamental convergence theorems for almost sure convergence, convergence in measure, and convergence in mean. You 23 introduced the concept of uniform almost sure convergence and investigated the relationships between these types of convergence. Gao 3 introduced the concept of continuous uncertain measure and proposed some properties. In this paper, we will first study some useful inequalities for uncertain variables. Then we will prove the Borel-Cantelli lemma for uncertain measures. With the assumption that the uncertain sequence is defined on a continuous uncertainty space, we will study the relationships between almost sure convergence and uniform almost sure convergence. Using our results, we will proved that the uncertain integral of a deterministic function has a normal uncertainty distribution.
The rest of the paper is organized as follows. Some preliminary concepts of uncertainty measures are recalled in Section 2. Several inequalities are proved in Section 3. Some convergence theorems are proposed in Section 4. The uncertainty distribution of the uncertain integral for a real-valued function is studied in Section 5. Finally, conclusions are given in Section 6.
Preliminaries
Let Γ be a nonempty set, and L a σ-algebra over Γ. An uncertain measure M (Liu 11, 13 ) is a set function defined on L satisfying the following four axioms: 
An uncertain variable is a measurable function from an uncertainty space (Γ, L, M) to the set of real numbers. The uncertainty distribution of an uncertain variable ξ is defined as Φ(x) = M{γ ∈ Γ|ξ(γ) ≤ x}. The expected value was defined by Liu 11 as
In order to study the properties of uncertain sequences, Liu 11 introduced the following concepts of convergence:
An uncertain sequence {ξ n } is said to be almost surely convergent (a.s.) to an uncertain variable ξ if there exists an event Λ with M{Λ} = 1 such that
An uncertain sequence {ξ n } is said to be convergent in measure to an uncertain variable ξ if
Let ξ, ξ 1 , ξ 2 , · · · be uncertain variables with finite expected values. Then the sequence {ξ n } is called convergence in mean to ξ if
Another type of convergence named uniform almost sure convergence was introduced by You 23 . The sequence {ξ n } is said to be convergent uniformly a.s. to ξ if there exists E k , M{E k } → 0 (as k → ∞) such that ξ n converges uniformly to ξ in Γ − E k , for any fixed k. The relationships between the five convergence concepts are as follows. 
Some Inequalities
In this section, we will study some inequalities that are very useful in considering the convergence properties for uncertain variables. 
(1)
In particular, when f (x) = |x| p and p ≥ 1, we have
Theorem 2. (Cauchy Inequality) Suppose that ξ and η are independent uncertain variables with
Proof. It is obvious that
The theorem is proved by taking expected values in (3).
Theorem 3. (Cauchy
The theorem is proved by taking expected values in (5). 
The theorem is proved by taking expected values in (7).
Theorem 5. (Young's Inequality with ε)
Suppose that ξ and η are independent uncertain variables and E[|ξ| p ] and E[|ξ| q ] are finite for some real numbers p and q satisfying 1/p + 1/q = 1, p, q > 1. Then, for any ε > 0, we have
Proof. Since
the theorem is proved by taking expected values in (9).
Theorem 6. (Arithmetic-Geometric Inequality) Suppose that ξ is a nonnegative uncertain variable. Then
Equality holds if and only if ξ is a degenerate uncertain variable or E[ξ] = ∞.
Proof. Let g(x) = − ln x. Then g is a concave function. It follows from the Jensen Inequality that
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Then we have [E[ξ]] ≥ exp(E[ln ξ]).
From the above theorem it follows that the following inequalities also hold
Convergence Theorems
Suppose that Λ n is a sequence of subsets of Γ. Let Now we will prove the Borel-Cantelli Lemma for an uncertainty measure.
Theorem 7.
Suppose that Λ n is a sequence of subsets of Γ. If
Proof. The sequence of events ∪ ∞ i=n A i is decreasing in n and converges to ∩
The theorem is proved.
Next we will consider continuous uncertain measures. The definition is: Gao 3 investigated several properties for continuous uncertain measures. Next, we will study the convergence properties of sequences defined on a continuous uncertain space.
Theorem 8. Suppose ξ, ξ 1 , ξ 2 , · · · are uncertain variables defined on the same continuous uncertainty space. If {ξ n } converges a.s. to ξ, then {ξ n } converges uniformly a.s. to ξ.
Proof. The sequence ξ n converges a.s. ξ if and only if for any > 0, we have
Since the uncertain variables ξ n are defined on a continuous uncertainty space, we have
Thus {ξ n } converges uniformly a.s. to ξ. Theorem 9. Suppose ξ, ξ 1 , ξ 2 , · · · are uncertain variables defined on a continuous uncertainty space. If {ξ n } converges a.s. to ξ, then {ξ n } converges to ξ in measure.
Proof. It has been proved that convergence uniformly a.s. implies convergence in measure. The result then follows.
Theorem 10. Suppose ξ, ξ 1 , ξ 2 , · · · are uncertain variables defined on an uncertainty space. If {ξ n } converges a.s. to ξ, then {ξ n } converges to ξ in distribution.
Proof. It is easily proved by the fact that convergence uniformly a.s. implies convergence in distribution when the uncertain measure is continuous.
Theorem 11. Suppose that ξ, ξ 1 , ξ 2 , · · · are uncertain variables defined on a continuous uncertainty space. Then ξ n converges in measure to ξ if and only if there exists a subsequence {ξ n k } of {ξ n } such that ξ n k converges a.s. to ξ, (k → ∞), for any subsequence {ξ n } of {ξ n } Proof. It is easily proved by the fact that convergence uniformly a.s. implies convergence a.s. when the uncertain measure is continuous.
Convergence Theorems for the Uncertain Integral
An uncertain variable ξ is called normal if it has a normal uncertainty distribution
which is denoted by N(e, σ) where e and σ are real numbers with σ > 0. The expected value of ξ is E[ξ] = e and the variance is V [ξ] = σ 2 . Let ξ and η be independent normal uncertain variables with expected values e 1 and e 2 and variances σ 2 1 and σ 2 2 , respectively. Then the uncertain variable a 1 ξ + a 2 η is also normal with expected value a 1 e 1 + a 2 e 2 and variance (|a 1 |σ 1 + |a 2 |σ 2 )
2 for any real numbers a 1 and a 2 . Next, we will introduce the concept of uncertain process which can be viewed as a natural model for describing the evolution of systems in time.
Definition 3. (Liu 12 ) Let T be an index set and let (Γ, L, M) be an uncertainty space. An uncertain process is a measurable function X t from T × (Γ, L, M) to the set of real numbers, i.e., for each t ∈ T and any Borel set B of real numbers, the set
Definition 4. (Liu 13 ) An uncertain process C t is said to be a Liu process if (i) C 0 = 0 and almost all sample paths are Lipschitz continuous, (ii) C t has stationary and independent increments, (iii) every increment C t+s − C s is a normal uncertain variable with expected value 0 and variance t 2 , whose uncertainty distribution is
Definition 5. (Liu 13 ) Let X t be an uncertain process and let C t be a Liu process. For any partition of the closed interval [a, b] with a = t 1 < t 2 < · · · < t m+1 = b, the mesh size is denoted by
Then the uncertain integral of X t with respect to C t is
provided that the limit exists almost surely and is an uncertain variable.
Theorem 12. Let C t be a Liu process defined on a continuous uncertain space and let f (t) be an integrable function with respect to t. Then the uncertain integral The theorem is proved.
Conclusion
This paper studies some properties of uncertain sequences. We first prove some inequalities for uncertain variables. A version of the Borel-Cantelli lemma is also proved in our context. Under the assumption that the uncertain measure is continuous, several convergence theorems are derived. Based on these theorems, we show that the uncertainty distribution of the uncertain integral of a real function is normal.
